I. INTRODUCTION
The present work examines the origin of magnetism in nominally nonmagnetic materials with only sp-electrons, which is the one of the most controversial issues in modern materials science [1] [2] [3] [4] [5] , by considering graphene containing vacancies as an example. Magnetism induced by removing a single p z orbital from the π-electron systems, such as graphene or graphite, have been observed by experiments at room temperature and have been predicted by calculations. 3, [6] [7] [8] . However, it is still quite controversial. Nair et al. reported that no magnetic ordering could be detected down to liquid helium temperatures 9 . This phenomenon has attracted a significant amount of attention owing to its potential applications in spintronics, nanostructures and biocompatible materials. Before they can be regarded as candidate materials for the applications, a comprehensive understanding of the origin and coupling of the magnetic moments (MM) in these materials is required 1,4 . However, the basic theory concerning magnetism in solids established by Heisenberg in the 1920's 10 stressed that to cause magnetism in solids, the principal quantum number of the electrons must be greater than or equal to three (n ≥ 3). Therefore, 40 years ago, when observations of magnetism in light-element materials (containing only sp electrons, n < 3) were reported, the first response was that these samples might be contaminated by magnetic impurities 11 . In recent years, with the reports of observed magnetism in such materials having continuously increased and carefully analyses having excluded impurities as their magnetic origin 1, 3, 12, 13 , the evidence for ferromagnetic properties in these nominally nonmagnetic materials is considered firm. However, the magnetic origin or the mechanism responsible for the magnetism in these nominally nonmagnetic materials remains rather unclear 1,2,4-8,14-16 . Even though it was still debated for FM or PM in irradiated graphene, we would focus on the serious difficulties met by theoretical study in the following two fronts: first, the origin of magnetism in sp electron materials (n < 3), and second, how such small magnetization (three or four orders of magnitude smaller than conventional magnets) and such long-range magnetic coupling (a distance of 20Å between vacancies) can be ferromagnetic at room temperature 8, [17] [18] [19] . On the first front, the current explanation is based on Hund's rule [20] [21] [22] [23] [24] [25] [26] [27] because the states to which magnetism can be traced are induced by vacancies, which help localize sp electrons, such as those in isolated atoms. If this magnetism is observed in experiments, it could be understood using Hund's rule because atom-like-localized electrons could actually exist in materials. However, if this magnetism emerges from calculations based on band theory and on the singlet-electron approximation (SEA), one needs to be careful with the interpretation. Within the framework of band theory, the eigenstates are Bloch modes that are all extended according to the Bloch theorem 28 . As such, the magnetism arising from calculations based on band theory cannot be attributed to the localized nature of electrons per se because localized electrons do not exist in calculations based on SEA and the Bloch theorem. Even if the dispersion of a band looks flat, the electrons on this band are still extended, moving everywhere in crystal 28 .
On the second front, if Heisenberg's model is used to explain magnetic ordering in such materials, the contradictions exist for weak magnetization (three or four orders of magnitude smaller than that in classic magnets such iron), long-range magnetic orders (that is, a low vacancy concentration 3, 13, 29 ) , and high critical temperature (higher than room temperature) 3, [17] [18] [19] . Note that other models for this subject, such as the superexchange model, the double exchange model and the RKKY model, can essentially be seen as extensions of the Heisenberg model, because they all have a term of a scalar product of total spin moments on atoms i and j, S i · S j . The differences between these models lie only in the coupling method.
Clearly, there must be more substantial physics behind the magnetism in nominally nonmagnetic materials (without d or f electrons) and there must be an unusual mechanism different from the conventional mechanism in df -electron solids. This is a great challenge and requires a root-and-branch rework of magnetic theory 6 .
In the present study, we report that the magnetism in graphene with vacancies can be traced to electrons partially occupying sp 2 * -antibonding states or p * znonbonding states because the spatial wavefunctions of the both states are antisymmetric and their spin wavefunctions should be symmetric according to the electron exchange antisymmetric principle. This is the origin of the magnetism induced by sp electrons. It has been recognized that the nonbonding state (or zero mode in literature 22, 30 ) decays with ∼ 1/r (r being the distance to the vacancy) with long-range interaction 22, 30 . However, it is still unclear how the long-range interaction between these states created by vacancies can be so strong to couple such weak magnetic moments and reach such a high transition temperature (higher than room temperature) 3, [17] [18] [19] . This is obviously in contrast to the conventional magnetic theory based on Heisenberg's exchange model 10 . Induced not by interaction but by unpaired p z -electrons, the nonbonding states themselves cannot strongly interact with each other. Regarding the long-range and antisymmetric natures of the nonbonding state, combined with the experimental and theoretical observations 14, 18, 19, 27, [30] [31] [32] [33] [34] , we propose that the nonbonding state plays an important role in the ferromagnetism observed in graphene with vacancies. Due to its unpaired nature, the wavefunction of the state extends long range and keeps the orbital components on the atoms of the minority sublattice as little as possible. If the vacancy concentration in the minority sublattice of graphene is sufficiently large that the distances between the vacancies are smaller than the decay-length of the nonbonding states, the nonbonding-state-involved regions can be overlap. The induced nonbonding states could then be coherent in order to keep their orbital components on the atoms of minority sublattice as little as possible. Nonbonding states coupled in this way would maintain antisymmetric spatial wavefunctions, leading to ferromagnetic ordering.
These states (labeled by sp 2 * and p * z in the present work) contributing to magentism were also reported in the previous investigations 22, 23, 26, 27, 30, 32, 41 . In these papers, however, the magnetism of these states was attributed to the localization (for the unsaturated dangling bond states due to the so-called Jahn-Teller distortion (JTD)) according to the Hund's rule and to the itinerant electron (for the zero-mode states due to unpairing pielectrons between two sublattices) according to the itinerant electron mode, see e.g. the review article 2 . In contrast, the present work, for the first time, traced the magnetism in nonmagnetic materials to the antisymmetric manner of the spatial wavefunctions of the involved electronic states according to the electron exchange antisymmetric principle of quantum mechanics: if a spatial wavefunction of an electronic state is antisymmetric, its spin wavefunction must be symmetric. We believe this undebatable principle can end a long history of dispute about the origin of magnetism in nonmagnetic materials.
II. CALCULATION METHODS
The analyses were performed using our first principles calculations concerning the frame work of the spin density functional theory as implemented in the Vienna Ab initio Simulation Package (VASP) 35 . Electronion interactions were described using the projector augmented plane wave method 36 . It is well established that the generalized gradient approximation (GGA) of exchange-correlation functional is favorable for treating systems with non-uniform charge densities such as graphene. Therefore, the Perdew-Burke-Ernzerhof form of GGA 37 was adopted in our calculations. In addition, we tested several cases using the local spin density functional (LSDA) for exchange-correlation effects 38 , which did not change the conclusions obtained with GGA. The wave functions were expanded in a plane wave basis with an energy cutoff of 500 eV throughout the calculations. Two-dimensional Brillouin-zone (BZ) integrals were sampled on k-meshes corresponding to 48×48 and 96×96 in a 1×1-sized graphene cell when calculating the total energy and the density of states (DOS), respectively. The equilibrium lattice constant obtained via total energy minimization was 2.468Å for graphene, in good agreement with the experimental value, 2.46Å
39 . The systems were modeled as supercells with a vacuum of approximately 20Å. All atoms in the slab were allowed to relax until the Hellmann-Feynman forces on the atoms were smaller than 0.01 eV/Å. This calculation setup was found to be sufficiently accurate for our study. The maximally local-ized Wannier function process implemented in Wannier90 package 40 was performed to obtain the orbital information for the relevant electronic structures.
III. RESULTS AND DISCUSSION
A. A short summary and statements for the present study
The main results (the MM and the long and short distance between three atoms surrounding the vacancy in the ground state) of graphene with a single vacancy in different vacancy concentration (for 2×2∼8×8-sized unit cells) are summarized in Table I . The MM for the cases vary over a range of 1.0 and 1.6 Bohr magneton(µ B ) and reach a stable value in the 7×7-sized cell, in good agreement with the corresponding results of previous calculations 22, 27, 30 . In Table I , the JTD can be identified by the long and short sides of the isosceles triangle formed by the three atoms surrounding the vacancy. If the lengths of the long and short sides are equal, there is no JTD. Cases with cell sizes of 2×2 and 3×3 do not have JTD. To check whether JTD occurs in these cases, the symmetry of C 3V was destroyed by an artificial distortion (the length of the short and long sides being 1.40Å and 2.25Å, respectively) as the initial atomic structure in the calculations. However, the optimized structures for the cases of 2×2 and 3×3 show that the differences between the short and long side disappear within our calculation accuracy, indicating that these two cases energetically favor keeping the C 3V symmetry without JTD. It can be understood because within a small sized cell, the obtained energy due to JTD cannot compensate for the energy lost due to strain. The magnetic moments exist for all the investigated cases, varying between 1.0 µ B and 1.6 µ B , indicating that the magnetism in graphene with vacancies does not depend on the existence of JTD.
Even though the vacancy concentrations in which magnetism in graphene can be experimentally observed 13, 29 were much smaller than our investigated 2×2 and 3×3-sized cells, we would still take them into account to reveal the origin of the magnetism, because there is a structural turning point (with or without JTD). The JTD essentially does not affect the p z states but does significantly affect the sp 2 states relative to interactions between dangling bonds. The JTD-induced sp 2 dangling bond state has been understood in previous studies 16, 23, 27, 41 as an origin of magnetism in graphene with vacancies, that is, the sp 2 dangling bond state, which is induced by JTD in graphene with vacancies, contributed 1 µ B according to Hund's rule because the dangling bond state looks like the state of an isolated atom. However, we will show later that, even if no JTD exists for the 2×2 and 3×3 sized cases, the sp 2 states of the three atoms surrounding the vacancy also contribute to the magnetism with quite different mechanism from that in df -electron magnets. From the evolution of the MM relative to the electronic states near the turning point, the origin of the magnetism in the materials with only sp-electrons can be unambiguously understood, as discussed in more detail later. Therefore, the cases of the 2 × 2 and 3×3 sized cells are also considered in this study.
Note that all the atomic configurations listed in Table I are planar. Even though it has also been reported from first principles calculations 42 that a nonplanar metastable state exists, we will not treat this state because we are focusing only on the origin of magnetism of sp-electrons, the planar configurations are in the ground state and can already be used to reveal the origin of the magnetism in nonmagnetic materials.
We will not perform calculations for the exchange energy based on any conventional magnetic models. This is because the vacancy concentration in proton-irradiated graphene, in which ferromagnetism has been observed, corresponds to a large distance between vacancies. A suitable simulation for this system requires a large supercell and is computationally intensive. In addition, such a long-range coupling is beyond any current magnetic models. The observed magnetization in the protonirradiated graphene is three or four orders of magnitude smaller than that of conventional magnets but with a high transition temperature (higher than room temperature). This is very difficult to be understood using the conventional magnetic theory. In other words, this type of ferromagnetism must have a distinctly different mechanism than that of conventional ferromagnetism. Significant conclusions could not be obtained from calculations based on the conventional magnetic theory; therefore, according to the nature of the nonbonding states, we did not perform calculations but rather postulated a possible ferromagnetic mechanism that is distinctly different from conventional mechanisms.
B. Graphene with a vacancy in a 2×2-sized cell
It is instructive to start the analysis of graphene in 2×2-sized cell with a single-atom vacancy, because its magnetism is almost entirely derived from a p z state near the Fermi level, i.e. 0.9 µ B of the total 1.0 µ B per vacancy, which is favorable to revealing the origin of the magnetism within sp-electron materials. The main magnetic contribution for the other cases (3×3 ∼ 8×8) switches from the p z states to an sp 2 state of the dangling bonds. However, for the 2×2 case, the sp 2 state contributes little to the magnetism, 0.1 µ B of 1.0 µ B .
The atomic structure of the 2×2-sized cell of seven carbon atoms, g−C 7 , is shown in Fig. 1 . Atoms surrounding the vacancy for the other cases (3×3∼8×8) are similar but with a Jahn-Teller distortion for the 4×4-sized cell and larger. The atomic arrangement away from the vacancy can be regarded as a structural extension of perfect graphene.
The DOS and band structures for g-C 7 are shown in Figs. 2 (a) and 2(b), respectively. Due to the planar atomic structure, the p z states and the sp 2 hybridized states are orthogonal without interaction so that the p z and sp 2 orbital bands can be identified in Fig. 2 (b) by the colors red and blue, respectively; those contributing to the magnetism are labeled p * z and sp 2 * , respectively, in Fig. 2 (a) . The orbital types of these states were obtained via our orbital analysis based on the wavefunction projection method 35 , as well as on the maximally localized Wannier functions 40 . In Fig. 2 (b) , the majority and minority bands are shown by the solid and dashed curves, respectively. For comparison, the DOS for graphene without a vacancy in the same sized cell as g-C 7 is given by the red dashed curves in Fig. 2 (a) .
Comparing the two DOSs (the black solids and red dashed lines) in Fig. 2 (a) , the electronic structures of graphene near the Fermi level are shown to be largely distorted by the vacancy, leading to the magnetism in g-C 7 . The typical features (in the energy regions −4 eV and +4 eV) of the electronic structures of graphene, which are characterized by the so-called Dirac point formed by the contact of the π-and π * -bands near the Fermi level 39 , disappear due to the removal of one atom (the vacancy). Instead, three red and three blue bands as defect states appear in this energy region. The magnetism of g-C 7 can be traced to these defect states near the Fermi level. The sp 2 * peaks for the majority and minority electrons with small spin splitting (0.3 eV) lie below the Fermi level, and only the tails of the majority and minority near the Fermi level show a small difference, contributing only 0.1 µ B of 1.0 µ B per vacancy. Conversely, the spin splitting of the red state bands near the Fermi level is approximately 1 eV, and its majority part is nearly fully below the Fermi level, only a small party near the K point is above the Fermi level, while its minority part is above the Fermi level and unoccupied. Consequently, they contribute the majority of the MM for g-C 7 , 0.9 µ B of 1.0 µ B .
Our orbital analysis indicates that the red band near the Fermi level primarily consists of the p z orbitals of atoms 1, 2, 3 and 7, which belong to the same sublattice of graphene (referred to as sublattice A or the majority sublattice), while the removed atom (vacancy) belongs to the other sublattice (referred to as sublattice B or the minority sublattice), as do atoms 4, 5 and 6, which contribute little to the red states near the Fermi level. According to the symmetry of the atoms surrounding the vacancy, as shown in Fig. 1 , the atoms contributing to the red band can be divided into two atom groups: atom 7 (A7) and atoms 1, 2 and 3 (A123). The orbital analysis also indicates that the red band consists of the two atom groups (A7 and A123) in an antisymmetric manner with opposite phases as shown by the colors red and blue in Fig. 3 (c) . Clearly, a node plane exists thus between the two atom groups, as shown by the contour plots in Figs. 3 (a) and 3(b). In the literature this state (the red band near the Fermi level) is referred to as the zero mode, implying a zero binding energy 22, 30 , while in molecular orbital theory (MOT), it is referred to as the nonbonding state 43 , because its eigenvalue equals to the energy of the isolated p z orbital, denoted p * z in the following. The p * z state consisting of the p z -orbitals of the two atom groups unexpectedly has no binding energy. Due to its importance, let us take a closer look at the unexpected nonbonding state to illustrate its properties. For simplicity, a tight-binding method (TB) is applied to g-C 7 . In the TB model, each atom has only one p z orbital and only the first nearest neighbor (1NN) interaction is taken into account. Its Hamiltonian at Γ is therefore
Here E 0 and t are an on-site energy of the p z orbital and a hopping energy between the nearest neighbors, respectively. The eigenvalue of the nonbonding state is E nonbonding = E 0 , and the eigenfunction is (0.5, 0.5, 0.5, 0.0, 0.0, 0.0, -1.0) ignoring the normalization coefficients.
That is, it is a state with zero binding energy, consisting only of the orbitals of the atom-groups A123 and A7 in an antisymmetric manner, without any contribution from atom-group B456, indicating that the nonbonding state is created by unpaired p z orbitals of atom-groups A123 and A7, not by a direct interaction between them because only the 1NN interaction was considered. Even though the state has a zero binding energy, occupying the nonbonding state still tends to stabilize the system as a way for electrons to synchronously appear in the two atom groups.
Most importantly, the nonbonding state consists of orbitals from A123 and A7 in an antisymmetric manner. This antisymmetric combination can be understood in the following way: if the interaction exists only between the nearest neighbors, no direct hopping exists between A123 and A7. Because there is direct hopping between A123 and B456, as well as between A7 and B456, the interaction for the nonbonding state could be thought of a hopping bridged via B456. Therefore, the hopping between A123 and A7 with a zero binding energy can be realized via the B456 bridge. We call this bridge hopping. However, because there are no real electrons on B456 for the nonbonding state, the wavefunction of the bridge hopping state should consist of orbitals from two involved atom-groups in an antisymmetric manner. This is the physics behind a state without any direct interaction but with an antisymmetric constraint for its wavefunction, as shown in Figs. 3 (b) and 3(c) . Note that the nonbonding state here should be distinguished from a lone pair state of a dangling bond. A lone pair state of a dangling bond does not involve with any atoms except for itself. However, the nonbonding states involve at least atom-groups A123 and A7, leading therefore to an antisymmetric combination of the orbitals of the involved atoms.
We have seen that the MM in g-C 7 should primarily be traced to the red band (the p * z nonbonding state) with a small component traced to the blue band (sp 2 * ) near the Fermi level. The sp 2 * state will be discussed in more detail in the next subsection; here we list its main features. The orbital analysis indicates that the sp 2 * state arises from the interaction between the sp 2 dangling bonds of the three atoms surrounding the vacancy. The three bands with the features of the sp 2 dangling bonds are identified by the color blue in Fig. 2 (b) . Only one of the three is a bonding state band, whose majority DOS peak lies at approximately −2.8 eV, and the other two are antibonding states whose majority DOS peaks are at approximately −1.2 eV and +1.4 eV. The two antibonding state bands degenerate at Γ. The three blue bands have dispersions of approximately 3.4 eV, 3.5 eV and 1.4 eV. Therefore, their DOS peaks are not very sharp.
It is well known that the nonbonding state and the antibonding state consist of antisymmetric orbitals. Thus, the MM of the sp electrons in g-C 7 can be understood. According to the electron exchange antisymmetric principle of quantum mechanics, if a spatial wavefunction of a state is antisymmetric, its spin component should be symmetric 44 . It has been debated for a long time if sp electrons could lead to MM in materials. The results of g-C 7 show that the MM in g-C 7 , created by sp-electrons, can be traced to fundamental principle of quantum mechanics. This is the physics behind the magnetism of sp-electrons: it is not sp-orbitals themselves but the antisymmetric behavior of their spatial wavefunctions that leads to electrons in spin polarization. This mechanism is different from the magnetic origin of df -electrons as proposed by Heisenberg 10 , we will discuss in more detail in Subsection III F.
C. Graphene with a vacancy in a 3×3-sized cell
The calculated DOS and band structures for graphene with a vacancy in a 3×3-sized cell, g-C 17 , are shown in Figs. 4 (a) and 4(b) , respectively. Again the red and blue bands indicate the states composed of the p z and sp 2 orbitals, respectively. For comparison, the band structures of perfect graphene in the same sized cell, g-3×3, are also shown in Fig. 4 (c) ; the structures have no spin polarization as expected.
At first glance, two green bands near the Fermi level in Fig. 4 (b) appear to be copied from the corresponding bands of g-3×3 in Fig. 4 (c) and one Dirac point remains. That is, these two bands (π and π * ) of perfect graphene are nearly unperturbed by the removal of an atom (the vacancy) and contact each other to form a Dirac point. This is entirely different from the case of g-C 7 . In g-C 7 , the vacancy removes the two Dirac points (at K and K'), leading to a formal gap near the Fermi level; as we discussed, all states of g-C 7 in the formal gap region can be traced to the vacancy-induced defect states. Clearly, the one Dirac point (formed by the two green bands) in Fig. 4 (b) is not affected by the removal of an atom.
We know that the Dirac points 39 at K and K' for g-1×1 disappear in g-C 7 because the vacancy disturbs the network of the p z -orbitals of graphene, therefore destroying the Dirac points at K and K'. It is natural to expect this feature (the disappearance of the Dirac points) to remain when such cells are expanded. However, it is not true for the cases of 3n×3n-sized cells (where n is an integer). The natural question is, why not?
We then take g-C 17 as an example to answer this question. In g-3×3, the Dirac point (the two bands contact each other) appears not at K and K', but degenerated at the Γ point of the 3×3 BZ. This is expected because of the so-called BZ folding. The relationship of the unit cells and BZs of graphene between the 1×1-and 3×3-sized cells is shown in Figs. 5 (a) and 5(b), respectively. Clearly, the K and K' points of the 1×1 BZ are at the Γ point of the 3×3 BZ.
The folding relationship can be also obtained by considering the relationship of the primitive vectors between the 3×3-and 1×1-sized cells. The corresponding primitive vectors of the 3×3-sized cell, a 1 and a 2 , are three times those of the 1×1-sized cell, a 1 and a 2 , i.e., a 1 = 3a 1 , and a 2 = 3a 2 . Therefore, the relationship of the primitive vectors of the reciprocal lattice between the two lattices should be b 1 = 1/3b 1 and b 2 = 1/3b 2 . The K and K' points for the 1×1-sized cell can be represented by b 1 and b 2 as K = 2/3b 1 +1/3b 2 and K = 1/3b 1 +2/3b 2 . Therefore, by means of the primitive vectors of the reciprocal lattice for the 3×3-sized cell, b 1 and b 2 , they should be written as K = 2/3b 1 + 1/3b 2 = 2 b 1 + b 2 and K = 1/3b 1 + 2/3b 2 = b 1 + 2 b 2 . K and K are the two reciprocal lattice vectors for the 3×3-size cell. One end-point of a reciprocal lattice vector is the center of its Brillouin zone, the Γ point. That is, both K and K' of the 1 × 1-sized cell are folded to and degenerated at one point, the Γ point of the 3×3-sized cell. This is also valid for all cells with sizes of 3n×3n.
The Dirac point for g-C 17 is fourfold degenerated be-cause both the K and K' point of the 1×1 BZ are folded to the Γ point of the 3×3 BZ. Furthermore, it can be seen from Fig. 4 (c) that, along the M-Γ axis, the bands of g-3×3 just below and above the Fermi level are degenerated while along the Γ-K axis, the degeneration of the bands is lifted because the two axes pointed by two red arrows (from M to Γ of the 3×3 BZ) are equivalent in the 1×1 BZ, while that of the two black arrows (from Γ to K of the 3×3 BZ) are not, as shown in Fig. 5 (b) . Keeping this relationship in mind, we can now understand why the one Dirac point does not disappear even if one atom is removed from g-3×3 and two green bands in Fig. 5 (b) resemble the corresponding bands in g-3×3.
For this discussion, we again use the TB model. In the 1×1-sized cell of graphene, the Bloch sums at sites A and B (labeled in Fig. 5 (a) ) are
respectively. They form the so-called π and π * states in the symmetric and antisymmetric types, respectively, (ignoring the normalization coefficients) as
and
Because the 3×3-sized cell is only artificially extended from 1×1-sized cell, the bands' properties (bonding and antibonding) should be maintained, the π and π * bands along the M-Γ axis for g-3×3 should still be composed of the π and π * in g-1×1. For the BZ relationship between g-1×1 and g-3×3, please refer to Fig. 5 . τ has no ycomponent, and because k and k' in g-1×1 are symmetric in the x-direction, as shown in Fig. 5 (b) ; therefore, along the M-Γ of g-3×3, we obtain
iK ·R with C K+∆k = C K +∆k . The above sum of R excludes R because K · R = K · R + 2π (n 1 − n 2 ) /3 for all R lattice vectors satisfying n 1 − n 2 = 3n with n as an integer and e iK·R − e iK ·R = 0. Therefore, the two-fold degenerate bands along the M-Γ axis of g-3×3 are independent of all lattice vectors R . Therefore, removing one atom from graphene (creating a vacancy) in a 3n×3n-sized cell will not significantly affect the one Dirac point and the involved bands (green) if it is modeled using the TB model.
Note that the green bands have nearly no spin polarization, as shown in Fig. 4 (b) . Like the red bands near the Fermi level, the green bands also consist of the p z orbitals and also appear in the same energy region. Therefore, the reason that the green bands do not contribute to magnetism but the red bands do is not related to the intrinsic nature of the p z orbitals but to the antisymmetric type of the wavefunctions, indicating that, unlike df electrons, sp electrons have only small amounts of exchange energy. No defect states (antibonding states or nonbonding states here) mean no magnetism for sp electrons in an sp-bonded crystal. This may be why spelectron magnetism has been in doubt for such a long time [6] [7] [8] 15 . The MM of g-C 7 are primarily derived from the p * z nonbonding states, while the main magnetic contributor in g-C 17 is the sp 2 * blue bands near the Fermi level. Now, we focus on the blue bands in g-C 17 . The orbital analysis indicates that the blue bands consist of sp 2 -type orbitals of the three C atoms surrounding the vacancy, atoms 1, 2, and 3. From our previous investigations of g-C 14 N 3 45,46 and g-C 4 N 3 47 , it is known that the dangling bonds of the three N atoms interact each other to form one bonding state and two antibonding states. The difference between g-C 14 N 3 (g-C 4 N 3 ) and g-C 17 (g-C 7 ) is that the three N atoms surrounding the vacancy in g-C 14 N 3 (g-C 4 N 3 ) are replaced by three C atoms. The two antibonding states, degenerated at the Γ-point, have a mirror-symmetric combination (MSC) and a mirrorantisymmetric combination (MAC) of the sp 2 orbitals with C 3V symmetry. Examining g-C 17 (g-C 7 ), the situation is similar to g-C 14 N 3 (g-C 4 N 3 ) 45, 46 : the three blue bands are also induced by the interaction between the three dangling bonds on the three atoms surrounding the vacancy. When one C atom is removed from graphene, the three sp 2 dangling bonds on the three atoms surrounding the vacancy are left. The dangling bonds, which were originally connected to the removed atom, are not fully filled. Therefore, they interact with each other and form one bonding state and two antibonding states.
To illustrate the resulting three (one bonding and two antibonding) states, a TB model is again taken into account. For three atoms each with only a dangling bond orbital, the Hamiltonian is Fig. 4 (a) at Γ for the (a) MSC and (b) for MAC states. Panels (a) and (b) are the up and down panels for the side and top views, respectively. In the side view, the vertical plane cuts along the line linking atoms 1-3 and atoms 1-2 for panels (a) and (b), respectively.
Here E 0 and t are the energy of the dangling bond and the interaction between the dangling bonds, respectively. We can obtain the energy of the bonding state as E 1 = E 0 −2t and those of the doublet degenerated antibonding states as E 2 = E 3 = E 0 +t. The difference between g-C 17 (g-C 7 ) and g-C 14 N 3 (g-C 4 N 3 ) is that the MSC and MAC bands are partially occupied in the cases of g-C 17 and g-C 7 , while in the cases of g-C 4 N 3 and g-C 14 N 3 , both bands are nearly fully occupied. This is because g-C 14 N 3 (g-C 4 N 3 ) has more three electrons than g-C 17 (g-C 7 ) and is a +1e hole system, while g-C 17 (g-C 7 ) is a +4e hole system. Therefore, the Fermi level is lowered relative to the top of the MSC and MAC bands in g-C 17 (g-C 7 ).
The features of the MSC and MAC antibonding states in the charge distribution at Γ are shown in Figs. 6 (a) and 6(b), respectively. The blue and red colors in Fig. 6 (b), as that in Fig. 3 (c) , indicate the different phases, and nodes exists between atoms 1(2) and 3 for the MSC state, as well as between atoms 1 and 2 for the MAC state, as shown by the counter plots in Figs. 6 (a) and 6(b) , indicating an antisymmetric combination of the involved orbitals on the three atoms.
Note that previous calculations attributed the magnetic contribution of the sp 2 -type states in graphene with vacancies to JTD 16, 23, 27, 41 . However, even without JTD in g-C 17 the sp 2 * states contribute to the magnetism, indicating that the magnetism in graphene with vacancies is independent of JTD. The origin of the magnetism arising from the states can be also traced to the antisymmetric mode of their wavefunctions.
D. Graphene with a vacancy in a 4×4-sized cell
For cell sizes larger than 4×4, the optimized atomic structure for graphene with a vacancy has a JTD. That is, two of the three atoms surrounding the vacancy move closer to each other, while the third one moves away, forming thus an isosceles triangle with one short and two long sides. The rest of the atoms in the unit cell experience only minor change due to JTD, whereas the relevant electronic structures are not significantly affected by the minor change.
As in g-C 7 and g-C 17 , the vacancy-induced sp 2 and p z bands are again shown in blue and red, respectively, in the band structure in Fig. 7 (b) . As shown in Fig. 7 , the p * z -nonbonding state (red) bands, due to the unpaired p z orbitals of the atoms in the same sublattice, still appear near the Fermi level as expected. Because the p z and sp 2 orbitals are orthogonal, the nonbonding state bands are not significantly affected by JTD, contributing approximately 0.6 µ B , consistent with previous calculations (referred to as the zero mode states) 48, 49 . As discussed in g-C 7 and g-C 17 , note that the important factor for the nonbonding states is not whether the binding energy is zero but its antisymmetric orbital combination, to which the magnetic contribution can be traced. The occupation of some minority nonbonding states can be traced to the competition between the k-dependent kinetic energy and the exchange energy. The other two p z orbital bands, namely the π-and π * -bands (red), lie at approximately −2.5 eV and 2.5 eV respectively, and do not contribute to the MM because their majority and minority bands are either fully occupied or completely empty.
The main contributor to the magnetism in g-C 31 is the blue bands near the Fermi level, as shown in Figs. 7 (a) and 7(b); the majority blue band near the Fermi level is fully occupied, while the corresponding minority one (∼ 1.8 eV) is completely empty, therefore contributing 1.0 µ B to the magnetic moment of g-C 31 . The JTD parameters (long side length 2.58Å and short side 2.18Å), the band dispersion and the contributing magnitude to the magnetic moment of the blue bands obtained by our calculations are in agreement with the corresponding calculations 23, 27, 48, 49 . However, the explanation is different. It was suggested 23, 27, 42 that, due to JTD, two of the three atoms around the vacancy form a sp 2 σ bond, leaving the apical atom with a dangling bond contributing a magnetic moment of approximately 1.0 µ B according to Hund's rule. However, because the short side is much larger than an sp 2 σ bond length in perfect graphene, 1.42Å 39 , it is impossible for the two atoms to form an sp 2 σ bond, leaving the apical atom alone to form a solitary dangling bond and to be filled by one electron with spin polarization. Even if a solitary dangling bond exists on one atom, the magnetism obtained by calculations cannot be traced to it because in the calculations based on the SEA, one electron can half fill on one spin channel and half on the other spin channel. A famous example contrary to the previous conclusion that the magnetism in graphene with vacancies is contributed to the dangling bond is the dangling bonds on the Si(111) surface. Dangling bond states exist on the Si(111) surface and their electron states satisfy the local condition. However, the Si(111) surface does not show any spin polarization 50 because a half electron occupies the spin-up channel and the other half one can occupy the spin-down channel of the dangling bond state. Therefore, Hund's rule does not hold when interpreting results calculated based on SEA.
The vacancy-induced sp 2 * states are formed by the interaction between all three atoms surrounding the vacancy, forming one bonding and two antibonding states and identified by the color blue in Fig. 7 (b) . Even though the C 3V symmetry in g-C 31 is broken due to JTD, two of the three blue bands, which consist of the sp 2 orbitals of the three atoms around the vacancy and lie near the Fermi level and ∼+1.5 eV, respectively, can still be characterized by MSC and MAC. This is a key to understanding the magnetism in graphene with vacancies. That is, all states that contribute to the magnetism consist of antisymmetric spatial wavefunctions. When the states appear near the Fermi level, they are partially occupied in spin polarization according to the electron exchange antisymmetric principle of quantum mechanics. This is a different mechanism than that suggested by Heisenberg for df -electrons 10 , which we will discuss later. To further illustrate the antisymmetric nature of MSC, we built a TB model of three sp 2 dangling bonds on three atoms with a JTD; only one sp 2 dangling bond for each atom of the three atoms was taken into account. The Hamiltonian of the TB model can be easily written as
Here t 1 and t 2 are the interactions between two atoms on the long and short sides of an isosceles triangle, respectively, with t 2 > t 1 . One can obtain E 1 = E 0 − , 1, 1 ,
, 1, 1 and (0, −1, 1), respectively, clearly showing the antisymmetric combination for E 2 and E 3 . This means that, if the three unsaturated dangling bonds interact with each other, they would form one bonding state with a symmetric orbital combination and two antibonding states each with an antisymmetric orbital combination. Clearly, the two antibonding states, E 2 and E 3 , correspond to MSC and MAC respectively, while E 1 corresponds to the sp 2 bonding state. Therefore, we can understand the magnetism contributed by the MSC state: JTD breaks the constrain of the C 3V symmetry, therefore lifting the degeneration of MSC and MAC at Γ. The MSC sp 2 * band (blue) is therefore lower in energy than the p * z -nonbonding state due to s-orbital components in the sp 2 * states; the majority of the MSC band is fully filled by one electron, leaving its minority band completely empty and contributing 1.0 µ B according to the electron exchange antisymmetric principle of the quantum mechanics.
E. Graphene with a vacancy in 5×5 ∼ 8×8-sized cells
Electronic structures for 5×5 ∼ 8×8-sized cells of graphene with a vacancy are similar to the corresponding structures for the 2×2 ∼ 4×4-sized cells. Importantly, the MM in these cases are derived from the antibonding and nonbonding states. Here we briefly discuss the magnetism-concerned electronic structures in the 5×5 ∼ 8×8-sized cells by means of DOS, as shown in Figs. 
(a)∼8(d).
Similar to the 4×4 case, the peaks of the majority antibonding states (labeled by sp 2 * as shown in Fig. 8 ) lie at approximately -0.6 eV for the involved cases (5×5 ∼ 8×8) and are fully occupied, while their minority peaks lie at approximately +1.6 eV and are completely empty. Therefore, the sp 2 * -antibonding states contribute a magnetic moment of 1.0 µ B . These peaks become increasingly sharper with increasing cell sizes, implying that the dispersion of the corresponding bands decrease. It is expected that the dispersions of the bands depend on the interaction of the sp 2 * -antibonding states over the unit cell; this interaction is therefore increasingly weaker as the cell sizes increase.
Conversely, the peak width of the p * z -nonbonding states, which lie around −0.2 and ∼ 0.0 eV for the majority and minority, respectively, and contribute to MM of 0.6∼0.3 µ B , does not depend as much on the cell sizes because their wavefunctions are widely extended, decaying with the distance r to the vacancy as ∼ 1/r 27 . This feature can be understood because these states are induced by the unpaired p z orbitals, involving not only two atoms but also additional atoms in the majority sublattice of the unit cell. This is a very important feature that determines the ferromagnetism in graphene with vacancies via a never before reported mechanism, see the next subsection for details. From Table I , the MM for cases 5×5 ∼ 8×8 are 1.6 µ B , 1.6 µ B , 1.3 µ B and 1.3 µ B , respectively. Except for the contribution of the sp 2 * -antibonding states, 1.0 µ B , the magnetic moment of 0.3 ∼ 0.6 µ B can be traced to different electron occupations in the majority and minority of the p * z -nonbonding states. As discussed in the cases of 2×2 ∼ 4 × 4, this is a result of the competition between the kinetic energy and the exchange energy. For cases 7×7 and 8×8, more minority nonbonding states are occupied, reducing the MM.
F. Unusual ferromagnetic mechanism distinctly different from the conventional mechanism
As mentioned above, when the origin of the magnetism in proton-irradiated graphene was explained by the conventional magnetic theory, it was debated or resulted in conflicts. The current magnetic models, such as the indirect exchange model, the superexchange model, the double exchange model and the RKKY model, have the same scalar product in the exchange energy, S i · S j ; the difference lies only in the manner of coupling. In this aspect, these models are all based on Heisenberg's theory originated from the exchange integrals for an H 2 molecule 10 . The magnetic mechanism for magnetic materials such as iron and nickel metals is governed by the conventional magnetic theory.
If the conventional magnetic theory is used to explain the magnetism in graphene with vacancies, contradictions and difficulties lie at least in two aspects. 1) How can sp electrons (principle quantum number n < 3) be spin-polarized? 2) How can such a weak magnetization (10 −3 ∼ 10 −4 orders of magnitude smaller than a conventional magnet) have such a high critical temperature? In other words, how is such a long-range (with a distance between vacancies of up to 20Å) coupling strong enough to trigger ferromagnetic ordering above room temperature 3,13,29 ? There must be an unrecognized magnetic mechanism at work.
Concerning the difficulty in explaining sp electron spin-polarization in proton-irradiated graphene, we have shown that the vacancy-induced states such as antibonding and nonbonding states can appear near the Fermi level. If these states are partially filled, according to the antisymmetric principle of electron exchange the sp electrons could be spin-polarized. Obviously, unlike an isolated atom governed by Hund's rule, the sp-electron spin polarization in proton-irradiated graphene originates from the antisymmetric spatial wavefunctions involving three atoms surrounding the vacancy for sp 2 * and all the atoms of the majority sublattice for p * z . The induced MM of the atoms are not individually localized but are distributing as a whole moment on all the involved atoms. If the entire magnetic moment is projected on the atoms, the projected moments appear to be distributed on the involved atoms. To distinguish these from localized MM, we refer to these moments as fractional magnetic moments. The fractional MM on the majority sublattice atoms, whose p z orbitals are composed in an antisymmetric manner, are inseparably combined into the entire magnetic moment, because they belong to one electronic state, the p
